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TURA´N TYPE INEQUALITIES FOR GENERALIZED INVERSE
TRIGONOMETRIC FUNCTIONS
A´RPA´D BARICZ⋆, BARKAT ALI BHAYO, AND MATTI VUORINEN
Abstract. In this paper we study the inverse of the eigenfunction sinp of the one-dimensional p-
Laplace operator and its dependence on the parameter p, and we present a Tura´n type inequality
for this function. Similar inequalities are given also for other generalized inverse trigonometric
and hyperbolic functions. In particular, we deduce a Tura´n type inequality for a series considered
by Ramanujan, involving the digamma function.
1. Introduction
P. Lindqvist [24] studied the eigenfunction sinp in connection with unidimensional nonlinear
Dirichlet eigenvalue problem for p-Laplacian. This function has become a standard tool in the
analysis of more complicated equations with various applications e.g, see [7, 8, 14, 17, 18, 20, 25].
Motivated by the work of Lindqvist, several authors have studies on the equalities and in-
equalities of the generalized trigonometric functions e.g, see [10, 11, 16, 21, 22, 30, 31] and their
bibliography. Motivated by the many results on these generalized trigonometric functions, in
this paper we make a contribution to the subject by showing some convexity properties [2, 5]
and Tura´n type inequalities for the inverse generalized trigonometric functions. These kind of
inequalities are named after the Hungarian mathematician Paul Tura´n who proved a similar
inequality for Legendre polynomials. For more details on Tura´n type inequalities we refer to
the papers on hypergeometric functions [3, 4, 6, 23] and to the references therein. We deduce
also a Tura´n type inequality for a series involving the digamma function, which was considered
by Ramanujan [9]. The monotonicity of the function pip,q is given in [21], here we prove that
the function pip,q is strictly geometrically convex and log-convex. We note that this study gives
us new bounds for elementary functions in terms of generalized trigonometric and hyperbolic
functions. We also mention that the results of this paper complements the known Tura´n type
inequalities for Gaussian hypergeometric functions, see for example [4, 23].
For the formulation of our main results we give first the following definitions of some classical
functions, such as gamma function Γ, the psi function ψ and the beta function B(·, ·). For
x > 0, y > 0, these functions are defined by
Γ(x) =
∫ ∞
0
e−ttx−1 dt, ψ(x) =
Γ′(x)
Γ(x)
, B(x, y) =
Γ(x)Γ(y)
Γ(x+ y)
.
For the given complex numbers a, b and c with c 6= 0,−1,−2, . . ., the Gaussian hypergeometric
function is the analytic continuation to the slit place C \ [1,∞) of the series
F (a, b; c; z) = 2F1(a, b; c; z) =
∞∑
n=0
(a, n)(b, n)
(c, n)
zn
n!
, |z| < 1.
Here (a, 0) = 1 for a 6= 0, and (a, n) for n ∈ N is the shifted factorial or the Appell symbol
(a, n) = a(a+ 1)(a + 2) · · · (a+ n− 1).
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For x ∈ (0, 1) and p > 0 the generalized inverse trigonometric functions are defined as follows
arcsinp(x) =
∫ x
0
(1− tp)−1/pdt = xF
(
1
p
,
1
p
; 1 +
1
p
;xp
)
,
arctanp(x) =
∫ x
0
(1 + tp)−1dt = xF
(
1,
1
p
; 1 +
1
p
;−xp
)
,
arcsinhp(x) =
∫ x
0
(1 + tp)−1/pdt = xF
(
1
p
,
1
p
; 1 +
1
p
;−xp
)
,
arctanhp(x) =
∫ x
0
(1− tp)−1dt = xF
(
1 ,
1
p
; 1 +
1
p
;xp
)
,
and arccosp(x) = arcsinp((1 − xp)1/p). We note that the eigenvalue problem [19], 1 < p <∞
−∆pu = −
(|u′|p−2u′)′ = λ|u|p−2u, u(0) = u(1) = 0,
has eigenvalues λn = (p − 1)(npip)p, and eigenfunctions t 7→ sinp(npip t), n ∈ N, where sinp is
the inverse function of arcsinp and
pip =
2
p
∫ 1
0
(1− s)−1/ps1/p−1ds = 2
p
B
(
1− 1
p
,
1
p
)
=
2pi
p sin
(
pi
p
) ,
see [18]. The other generalized trigonometric and hyperbolic functions cosp : (0, ap) → (0, 1),
tanp : (0, bp) → (0, 1), sinhp : (0,∞) → (0, 1), and tanhp : (0,∞) → (0, 1) are defined as
the inverse of the generalized inverse trigonometric and hyperbolic functions arccosp, arctanp,
arcsinhp and arctanhp, where
ap =
pip
2
, bp =
1
2p
(
ψ
(
1 + p
2p
)
− ψ
(
1
2p
))
= 2−1/pF
(
1
p
,
1
p
; 1 +
1
p
;
1
2
)
.
We also consider for p, q > 0 and x ∈ (0, 1) the generalized inverse trigonometric functions
arcsinp,q(x) =
∫ x
0
(1− tq)−1/pdt = xF
(
1
p
,
1
q
; 1 +
1
q
;xq
)
,
arcsinhp,q(x) =
∫ x
0
(1 + tq)−1/pdt = xF
(
1
p
,
1
q
; 1 +
1
q
;−xq
)
,
which for p = q reduces to arcsinp(x) and arcsinhp(x), also we denote arcsinp,q(1) = pip,q/2.
Before we present the main results of this paper we recall some definitions, which will be used
in the sequel. A function f : (0,∞) → (0,∞) is said to be logarithmically convex, or simply
log-convex, if its natural logarithm ln f is convex, that is, for all x, y > 0 and λ ∈ [0, 1] we have
f(λx+ (1− λ)y) ≤ [f(x)]λ [f(y)]1−λ .
The function f is log-concave if the above inequality is reversed. By definition, a function
g : (0,∞) → (0,∞) is said to be geometrically (or multiplicatively) convex if it is convex with
respect to the geometric mean, that is, if for all x, y > 0 and all λ ∈ [0, 1] the inequality
g(xλy1−λ) ≤ [g(x)]λ[g(y)]1−λ
holds. The function g is called geometrically concave if the above inequality is reversed. Observe
that the geometrical convexity of a function g means that the function ln g is a convex function
of lnx in the usual sense. We also note that the differentiable function f is log-convex (log-
concave) if and only if x 7→ f ′(x)/f(x) is increasing (decreasing), while the differentiable function
g is geometrically convex (concave) if and only if the function x 7→ xg′(x)/g(x) is increasing
(decreasing), for more details see [5]. Finally, we recall that a function h : (0,∞)→ R is said to
be completely monotonic if h has derivatives of all orders and satisfies
(−1)mh(m)(x) ≥ 0
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for all x > 0 and m ∈ {0, 1, 2, . . . }. For properties of completely monotonic functions we refer
to the paper [26] and to the references therein.
2. Main results
Our first main result reads as follows.
Theorem 1. For all x ∈ (0, 1) fixed, the following hold:
(1) The functions p 7→ arcsinp(x) and p 7→ arctanhp(x) are strictly completely monotonic
and log-convex on (0,∞) . Moreover, p 7→ arcsinp(x) is strictly geometrically convex on
(0,∞).
(2) The function p 7→ arctanp(x) is strictly increasing and concave on (0,∞).
In particular, the following Tura´n type inequalities are valid for all p > 1 and x ∈ (0, 1)
arcsin2p(x) < arcsinp−1(x) arcsinp+1(x),
arctanh2p(x) < arctanhp−1(x)arctanhp+1(x),
arctan2p(x) > arctanp−1(x) arctanp+1(x).
The next corollary follows from Theorem 1.
Corollary 1. For x ∈ (0, 1), we have
arcsin23(x)
arcsin4(x)
< arcsin(x),
arctanh23(x)
arctanh4(x)
< arctanh(x),
arctan23(x)
arctan4(x)
> arctan(x),
and each inequality is sharp as x→ 0.
The proof of the following result follows from Theorem 1 and Lemma 1.
Corollary 2. For p > 0, a ≥ 1 and x ∈ (0, 1), the following inequalities hold
arcsinp(x) ≤
(
arcsin2a(x)arcsinp(x)
a
arcsinap(x)
)1/a
≤ arcsin(x),
arctanhp(x) ≤
(
arctanh2a(x)arctanhp(x)
a
arctanhap(x)
)1/a
≤ arctanh(x),
with equality when p = 2 and a = 1.
Based on computer experiments we believe that the following results are true.
Conjecture 1. For x ∈ (0, 1) fixed, the function p 7→ arcsinhp(x) is strictly concave on (0,∞).
In particular, the following Tura´n type inequality is valid for all p > 1 and x ∈ (0, 1)
arcsinhp
2(x) > arcsinhp−1(x)arcsinhp+1(x).
Conjecture 2. The following Tura´n type inequalities hold for all p > 1 and x ∈ (0, 1)
sin2p(x) > sinp−1(x) sinp+1(x),
cos2p(x) > cosp−1(x) cosp+1(x),
tan2p(x) < tanp−1(x) tanp+1(x),
sinh2p(x) < sinhp−1(x) sinhp+1(x),
tanh2p(x) > tanhp−1(x) tanhp+1(x).
Now, we focus on the arcsinp,q and arcsinhp,q functions.
Theorem 2. For all x ∈ (0, 1) fixed, the following hold:
(1) p 7→ arcsinp,q(x) is completely monotonic and log-convex on (0,∞) for q > 0.
(2) p 7→ arcsinp,q(x) is strictly geometrically convex on (0,∞) for q > 0.
(3) q 7→ arcsinp,q(x) is completely monotonic and log-convex on (0,∞) for p > 0.
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(4) p 7→ arcsinhp,q(x) is strictly increasing on (0,∞) and concave on (log
√
2,∞) for q > 0.
(5) q 7→ arcsinhp,q(x) is strictly increasing on (0,∞) for p > 0 and strictly concave on (0,∞)
for p > 1.
In particular, the following Tura´n type inequalities are valid for x ∈ (0, 1)
arcsin2p,q(x) < arcsinp−1,q(x) arcsinp+1,q(x), p > 1, q > 0,
arcsinh2p,q(x) > arcsinhp−1,q(x)arcsinhp+1,q(x), p > log
√
2 + 1, q > 0.
Moreover, for x ∈ (0, 1) we have the next Tura´n type inequalities
arcsin2p,q(x) < arcsinp,q−1(x) arcsinp,q+1(x), p > 0, q > 1,
arcsinh2p,q(x) > arcsinhp,q−1(x)arcsinhp,q+1(x), p > 1, q > 1.
The next corollary follows from Theorem 2.
Corollary 3. For x ∈ (0, 1) and p > 0, p > log√2 respectively, we have
arcsin2p+1,p(x)
arcsinp+2,p(x)
< arcsinp(x), arcsinhp(x) <
arcsinh2p+1,p(x)
arcsinhp+2,p(x)
,
and both of inequalities are sharp as x→ 0.
3. Concluding remarks and further results
A.We would like to mention that it is possible to prove that p 7→ arcsinp x is strictly decreasing
and log-convex by using the hypergeometric series representation. Namely, it can be shown that
for x ∈ (0, 1) fixed the function a 7→ F (a, a; a+1;x1/a) is strictly increasing on (0,∞). For this,
first observe that
F (a, a; a+ 1;x1/a) =
∑
n≥0
ϕn(a), where ϕn(a) =
a(a, n)
a+ n
xn/a
n!
.
Taking the logarithm of ϕn(a), we get
log(ϕn(a)) = log(a) + log(Γ(a+ n))− log(Γ(a)) − log(a+ n)− log(n!) + n
a
log(x).
Differentiating log(ϕn(a)) with respect to a we get
ϕ′n(a)
ϕn(a)
=
1
a
− 1
a+ n
+ ψ(a+ n)− ψ(a)− n
a2
log(x),
which is clearly strictly positive for all a > 0 and x ∈ (0, 1). Here we used tacitly that the
gamma function Γ is log-convex, that is, the digamma function ψ is increasing. This implies
that a 7→ ϕn(a) is strictly increasing on (0,∞) for each n ∈ {1, 2, . . . } and x ∈ (0, 1) fixed.
Consequently, for x ∈ (0, 1) fixed the function a 7→ F (a, a; a + 1;x1/a) is strictly increasing
on (0,∞), as the infinite series of increasing functions. This in turn implies that indeed p 7→
arcsinp x is strictly decreasing on (0,∞) for all x ∈ (0, 1). Moreover, since the digamma function
is concave, it follows that for all a > 0, x ∈ (0, 1) and n ∈ {1, 2, . . . } we have[
ϕ′n(a)
ϕn(a)
]′
= − 1
a2
+
1
(a+ n)2
+ ψ′(a+ n)− ψ′(a) + 2n
a3
log(x) < 0,
which means that a 7→ ϕn(a) is strictly log-concave on (0,∞) for each n ∈ {1, 2, . . . } and
x ∈ (0, 1) fixed. Now, since for n ∈ {1, 2, . . . }, p > 0 one has
(logϕn(1/p))
′′ = − 1
p2
·
(
ϕ′n(1/p)
ϕn(1/p)
)′
+
2
p3
· ϕ
′
n(1/p)
ϕn(1/p)
> 0,
we get that p 7→ ϕn (1/p) is strictly log-convex on (0,∞) for each n ∈ {1, 2, . . . } and x ∈ (0, 1)
fixed, and hence p 7→ arcsinp x is indeed strictly log-convex on (0,∞) for all x ∈ (0, 1), as the
infinite sum of strictly log-convex functions.
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Now, recall that a continuous function f : (0,∞) → (0,∞) is a Bernstein function (see [29])
if (−1)kf (k)(x) ≤ 0 for x > 0 and k ∈ {1, 2, . . . }, that is f ′ is a completely monotone function.
We would like to mention that if a > 0, n ∈ {1, 2, . . . } and x ∈ (0, 1) are such that ϕn(a) > 1,
then the function a 7→ log(ϕn(a)) is in fact a Bernstein function, that is, (−1)k log(ϕn(a))(k) ≤ 0
for a > 0, x ∈ (0, 1) and k ∈ {1, 2, . . . }. Indeed, for a > 0, x ∈ (0, 1) and k ∈ {1, 2, . . . } we have
log(ϕn(a))
(k) = (−1)k−1(k− 1)!
[
1
ak
− 1
(a+ n)k
]
+ψ(k−1)(a+ n)−ψ(k−1)(a) + (−1)
kk!n
ak+1
log(x)
and consequently
(−1)k log(ϕn(a))(k)
(k − 1)! = −
[
1
ak
− 1
(a+ n)k
]
+
∑
m≥0
[
1
(a+ n+m)k
− 1
(a+m)k
]
+
kn
ak+1
log(x) < 0.
Here we used tacitly that
ψ(k−1)(a+ n)− ψ(k−1)(a) = (−1)k(k − 1)!
∑
m≥0
[
1
(a+ n+m)k
− 1
(a+m)k
]
.
Finally, we mention that a similar procedure to that mentioned above can be applied to prove
that
p 7→ arctanhp(x) = xF
(
1 ,
1
p
; 1 +
1
p
;xp
)
= x
∑
n≥0
xpn
pn+ 1
is strictly decreasing and log-convex on (0,∞) for all x ∈ (0, 1) fixed.
B. In the first main theorem we mentioned that the function p 7→ arcsinp(x) is strictly
geometrically convex on (0,∞) for x ∈ (0, 1), and in the proof we used Lemma 2. We note that
the origins of such kind of results goes back to Montel. More precisely, Montel [27] proved the
following result: if the function f : (0, a) → (0,∞) is geometrically convex, then the function
x 7→
∫ x
0
f(t)dt is also geometrically convex on (0, a). Moreover, it is known (see [5, 33]) that
the above result remains true if we replace the word “convex” with “concave”. Now, consider
the functions f, g, r, s : (0, 1) → (0,∞), defined by
f(t) = (1− tp)−1/p, g(t) = (1 + tp)−1, r(t) = (1 + tp)−1/p, s(t) = (1− tp)−1.
Then for all t ∈ (0, 1) and p > 0 we have[
ts′(t)
s(t)
]′
= p
[
tf ′(t)
f(t)
]′
=
p2tp−1
(1− tp)2 > 0
and [
tg′(t)
g(t)
]′
= p
[
tr′(t)
r(t)
]′
= − p
2tp−1
(1 + tp)2
< 0.
Combining these with the above results it follows that for p > 0 the functions x 7→ arcsinp x and
x 7→ arctanhp x are strictly geometrically convex on (0, 1), while the functions x 7→ arcsinhp x
and x 7→ arctanp x are strictly geometrically concave on (0, 1). These results for p > 1 were
proved recently in [10] by using a different approach.
C. Observe that
ap =
pip
2
= arcsinp(1) =
∫ 1
0
(1− tp)−1/pdt = 1
p
∫ 1
0
(1− s)−1/ps1/p−1ds.
Now, since by Theorem 1 we have that p 7→ arcsinp(x) is strictly geometrically convex and
log-convex on (0,∞) for x ∈ (0, 1), by letting x tend to 1 we get that p 7→ pip = 2arcsinp(1) is
strictly geometrically convex and log-convex on (0,∞). Consequently, for α ∈ (0, 1) and p, q > 0
such that p 6= q we have
pipαq1−α < pi
α
p pi
1−α
q and piαp+(1−α)q < pi
α
p pi
1−α
q .
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The first inequality implies that we have also
pipαq1−α < αpip + (1− α)piq.
Observe that for α = 12 , p = s− 1 and q = s+1 the second inequality reduces to the next Tura´n
type inequality for s > 1
pi2s < pis−1pis+1
which is equivalent to
sin2 pis
sin pis−1 sin
pi
s+1
>
s2
(s− 1)(s + 1) .
We also mention that the first inequality of this remark for α = 12 and the third inequality of
this remark for α ∈ (0, 1) were proved recently by Bhayo and Vuorinen [10].
D. Now, we focus on bp. Observe that
bp = arctanp(1) =
∫ 1
0
(1 + tp)−1dt.
Now, taking into account that according to Theorem 1 the function p 7→ arctanp x is strictly
concave on (0,∞) for x ∈ (0, 1), by tending with x to 1 we obtain that p 7→ bp is also concave
on (0,∞). In particular we have
bαp+(1−α)q > αbp + (1− α)bq > (bp)α(bq)1−α
for all α ∈ (0, 1) and p, q > 0 such that p 6= q. Choosing α = 12 and p = s − 1, q = s + 1, we
obtain for s > 1 the next Tura´n type inequality
b2s > bs−1bs+1.
We note that the series bp was considered by Ramanujan [9, p. 184-190] and for p ∈ {3, 4, 5, 6, 8, 10}
its values were computed. For example, we have
b2 = arctan2(1) =
pi
4
, b3 = arctan3(1) =
1
3
log 2+
pi
3
√
3
, b4 = arctan4(1) =
pi
4
√
2
− log
(√
2− 1)
2
√
2
,
and hence the above Tura´n type inequality for s = 3 becomes
0.6983089976. . . =
(
1
3
log 2 +
pi
3
√
3
)2
>
pi2
16
√
2
− pi
4
· log
(√
2− 1)
2
√
2
= 0.6809189919. . ..
E. Finally, we consider the expression
pip,q
2
= arcsinp,q(1) =
∫ 1
0
(1− tq)−1/pdt = 2
q
B
(
1− 1
p
,
1
q
)
.
Recall that Theorem 2 asserts that p 7→ arcsinp,q(x) is strictly geometrically convex and log-
convex on (0,∞) for x ∈ (0, 1) and q > 0. By tending with x to 1 we get that p 7→ pip,q is
strictly geometrically convex and log-convex on (0,∞) for q > 0. Consequently, for α ∈ (0, 1)
and p1, p2, q > 0 such that p1 6= p2 we have
pipα
1
p1−α
2
,q < pi
α
p1,qpi
1−α
p2,q and piαp1+(1−α)p2,q < pi
α
p1,qpi
1−α
p2,q .
The first inequality implies that we have also
pipα
1
p1−α
2
,q < αpip1,q + (1− α)pip2,q.
Observe that for α = 12 , p1 = s − 1 and p2 = s + 1 the second inequality reduces to the next
Tura´n type inequality for s > 1 and q > 0
pi2s,q < pis−1,qpis+1,q.
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These results extend the results from remark C. We also mention that by means of Theorem
2 the function q 7→ pip,q is strictly log-convex on (0,∞) for p > 0 and the next Tura´n type
inequality is valid for s > 1 and p > 0
pi2p,s < pip,s−1pip,s+1.
4. Lemmas and proofs of the main results
In this section our aim is to present the proofs of the main results together with the preliminary
results which we use in the proofs.
Lemma 1. [28, Thm 2.1] Let f : (0,∞) → (0,∞) be a differentiable, log-convex function and
let a ≥ 1. Then g(x) = (f(x))a/f(a x) decreases on its domain. In particular, if 0 ≤ x ≤ y ,
then the following inequalities
(f(y))a
f(a y)
≤ (f(x))
a
f(a x)
≤ (f(0))a−1
hold true. If 0 < a ≤ 1, then the function g is an increasing function on (0,∞) and inequalities
are reversed.
Lemma 2. Let b > a > 0. If the positive function ν 7→ K(ν, t) is (strictly) geometrically convex
on [a, b] for t ∈ [0, x] with x > 0, then the function
ν 7→ Fν(x) =
∫ x
0
K(ν, t)dt
is also (strictly) geometrically convex on [a, b].
Proof of Lemma 2. The result follows immediately from the well-known Ho¨lder-Rogers in-
equality for integrals. Namely, we have
Fναµ1−α(x) =
∫ x
0
K
(
ναµ1−α, t
)
dt ≤
∫ x
0
Kα(ν, t)K1−α(µ, t)dt
≤
[∫ x
0
K(ν, t)dt
]α [∫ x
0
K(µ, t)dt
]1−α
= Fαν (x)F
1−α
µ (x),
where ν, µ ∈ [a, b] and α ∈ [0, 1]. 
Proof of Theorem 1. For the proof of part (1), let t ∈ (0, x), x ∈ (0, 1) be fixed. Let us
consider the function f : (0,∞)→ R, defined by
f(p) = log (1− tp)−1/p = −1
p
log (1− tp) .
Observe that for p > 0 and t ∈ (0, 1)
f ′(p) =
1
p
tp
1− tp log t+
1
p2
log (1− tp) < 0,
f ′′(p) = − 2
p2
tp
1− tp log t+
tp
p
(
log t
1− tp
)2
− 2
p3
log (1− tp) > 0.
Consequently, the function f is strictly decreasing and convex, which in turn implies that p 7→
(1− tp)−1/p is strictly decreasing and log-convex on (0,∞). In other words, the integrand of
arcsinp x is strictly decreasing and log-convex on (0,∞). Now, by using the fact that the integral
preserves the monotonicity and log-convexity, it follows that the function p 7→ arcsinp x is strictly
decreasing and log-convex on (0,∞). Now, observe that for s(p) = ef(p) we have
ps′(p)
s(p)
=
tp
1− tp log t+
1
p
log (1− tp) ,
[
ps′(p)
s(p)
]′
= −1
p
tp
1− tp log t+ t
p
(
log t
1− tp
)2
− 1
p2
log (1− tp) > 0,
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where p > 0 and t ∈ (0, 1). This means that the integrand of arcsinp x is strictly geometrically
convex on (0,∞). By Lemma 2, it follows that p 7→ arcsinp x is strictly geometrically convex on
(0,∞).
Now, for t ∈ (0, 1) fixed let us consider the function g : (0,∞)→ R, defined by
g(p) = log (1− tp)−1 = − log (1− tp) .
We get
g′(p) =
tp
1− tp log t < 0, g
′′(p) = tp
(
log t
1− tp
)2
> 0,
and consequently p 7→ (1− tp)−1 is strictly decreasing and log-convex on (0,∞). By using
again the fact that the integral preserves the monotonicity and log-convexity, it follows that the
function p 7→ arctanhpx is strictly decreasing and log-convex on (0,∞) for all x ∈ (0, 1) fixed.
Thus, we proved that the functions p 7→ arcsinp(x) and p 7→ arctanhp(x) are indeed strictly
decreasing and log-convex on (0,∞). Now, let us focus on the complete monotonicity. Recall (see
[26]) that the composition of a completely monotonic function with a function whose derivative is
completely monotone is also completely monotonic. This implies that for t ∈ (0, 1) the function
p 7→ g(p) = − log(1 − tp) is completely monotonic on (0,∞) since p 7→ − log p is completely
monotonic on (0, 1) and p 7→ −tp log t is completely monotonic on (0,∞). On the other-hand
it is known that the product of completely monotonic functions is also completely monotonic
(see [26]), which in turn implies that p 7→ f(p) = 1p · (− log(1− tp)) is completely monotonic on
(0,∞) for t ∈ (0, 1).We note that the positive function ϕ is said to be logarithmically completely
monotonic if it satisfies (−1)m [logϕ(x)](m) ≥ 0 for all x > 0 and m ∈ {0, 1, 2, . . . }.We also note
that every logarithmically completely monotonic function is completely monotonic, and each
completely monotonic function is log-convex, see [8] and [32, p. 167]. The above results imply
that the functions p 7→ (1−tp)−1 and p 7→ (1−tp)−1/p are logarithmically completely monotonic,
and hence completely monotonic on (0,∞) for t ∈ (0, 1). These show that indeed the integrands
of arctanhp x and arcsinp x are strictly completely monotonic and log-convex as functions of p
on (0,∞) for t ∈ (0, 1), and also for t ∈ (0, x). Thus, by using the property that the integral
preserves the complete monotonicity (see [26]), we proved that the functions p 7→ arcsinp(x) and
p 7→ arctanhp(x) are indeed strictly completely monotonic and hence log-convex on (0,∞).
For the proof of part (2), let us consider the function h : (0,∞) → R, defined by h(p) =
(1 + tp)−1, for fixed t ∈ (0, 1). We have
h′(p) = − t
p
(1 + tp)2
log t > 0 and h′′(p) = − t
p(1− tp)
(1 + tp)3
(log t)2 < 0,
and consequently h is strictly increasing and concave. Consequently, the function p 7→ arctanp(x)
is strictly increasing on (0,∞) for all x ∈ (0, 1) fixed. Moreover for t ∈ (0, 1), α ∈ (0, 1), p, q > 0
such that p 6= q we have
h(αp + (1− α)q) > αh(p) + (1− α)h(q),
and hence
arctanαp+(1−α)q(x) =
∫ x
0
h(αp + (1− α)q)dt
> α
∫ x
0
h(p)dt+ (1− α)
∫ x
0
h(q)dt = α arctanp(x) + (1− α) arctanq(x),
which means that p 7→ arctanp(x) is strictly concave on (0,∞) for all x ∈ (0, 1) fixed. Now,
since the concavity is stronger than the log-concavity, it follows that p 7→ arctanp(x) is strictly
log-concave on (0,∞). This completes the proof. 
Proof of Theorem 2. We consider the two-variable functions f, g : (0,∞)2 → (0,∞), defined
f(p, q) = (1− tq)−1/p, g(p, q) = (1 + tq)−1/p,
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where t ∈ (0, 1). Since p 7→ 1/p is completely monotonic on (0,∞), the function p 7→ log f(p, q) =
−1p log(1− tq) for q > 0 and t ∈ (0, 1) is completely monotonic on (0,∞), and consequently the
function p 7→ f(p, q) for q > 0 and t ∈ (0, 1) is also completely monotonic on (0,∞). This implies
that the function p 7→ arcsinp,q(x) is completely monotonic, and hence log-convex on (0,∞) for
q > 0 and x ∈ (0, 1). According to the proof of Theorem 1, the function q 7→ log f(p, q)
for p > 0 and t ∈ (0, 1) is completely monotonic on (0,∞), and consequently the function
q 7→ f(p, q) for p > 0 and t ∈ (0, 1) is also completely monotonic on (0,∞). This implies that
the function q 7→ arcsinp,q(x) is completely monotonic, and hence log-convex on (0,∞) for p > 0
and x ∈ (0, 1).
Since for q > 0 and t ∈ (0, 1) the function
p 7→
p∂f(p,q)∂p
f(p, q)
=
1
p
log(1− tq)
is strictly increasing on (0,∞), by Lemma 2 we obtain that p 7→ arcsinp,q(x) is strictly geomet-
rically convex on (0,∞) for q > 0 and x ∈ (0, 1).
On the other hand, for t ∈ (0, 1) we have
∂g(p, q)
∂p
=
1
p2
(1 + tq)−1/p log(1 + tq) > 0, if p, q > 0,
∂2g(p, q)
∂p2
=
1
p3
(1 + tq)−1/p (log(1 + tq)− 2p) log(1 + tq) < 0, if p > log
√
2, q > 0,
∂g(p, q)
∂q
= −1
p
(1 + tq)
− 1
p
−1
tq log t > 0, if p, q > 0,
∂2g(p, q)
∂q2
= − 1
p2
(1 + tq)−
1
p
−2tq(p − tq)(log t)2 < 0, if p > 1, q > 0.
Consequently the integrand of arcsinhp,q(x) is strictly decreasing on (0,∞) with respect to p,
and also with respect to q, when p, q > 0. Moreover, the integrand of arcsinhp,q(x) is strictly
concave with respect to p on (log
√
2,∞) for q > 0 and t ∈ (0, 1); and is strictly concave with
respect to q on (0,∞) for p > 1 and t ∈ (0, 1). Since the integral preserves the monotonicity
and concavity, it follows that p 7→ arcsinhp,q(x) is strictly decreasing on (0,∞) and concave on
(log
√
2,∞) for q > 0 and x ∈ (0, 1); and q 7→ arcsinhp,q(x) is strictly decreasing and concave
on (0,∞) for x ∈ (0, 1), p > 0, and p > 1 respectively. Finally, since the concavity implies the
log-concavity, the proof of this theorem is complete. 
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